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/c-EXTREME POINTS IN SYMMETRIC SPACES OF 
MEASURABLE OPERATORS 

M.M. CZERWINSKA AND A. KAMINSKA 


Abstract. Let A4 be a semifinite von Neumann algebra with a faithful, nor¬ 
mal, semifinite trace r and be a strongly symmetric Banach function space 
on [0, r(l)). We show that an operator x in the unit sphere of E(A4,t) is 
fc-extreme, k G N, whenever its singular value function ^(x) is fc-extreme and 
one of the following conditions hold (i) fi{oo,x) = x) = 0 or (ii) 

n{x)Ain(x*) = 0 and |a:| > {i{oo,x)s{x), where n{x) and s{x) are null and sup¬ 
port projections of x, respectively. The converse is true whenever Ai is non- 
atomic. The global fc-rotundity property follows, that is if A4 is non-atomic 
then E is fc-rotund if and only if E(A4,t) is /c-rotund. As a consequence of 
the noncommutive results we obtain that / is a fc-extreme point of the unit 
ball of the strongly symmetric function space E if and only if its decreasing 
rearrangement ^(f) is fc-extreme and |/| > /i(oo,/). We conclude with the 
corollary on orbits and fi'(g). We get that / is a fc-extreme point of 

the orbit r2(^), g G Li -I- Loo, or fi'(g), g G Li[0,a), a < oo, if and only if 
g,[f) = {i{g) and |/| > From this we obtain a characterization of 

fc-extreme points in Marcinkiewicz spaces. 
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1. Preliminaries 

The purpose of the article is to characterize fc-extreme elements of the symmetric 
spaces of measurable operators in terms of their singular value functions. There 
have been many results in the noncommutative spaces E(A4^r)^ in particular in 
the noncommutative Lp spaces, aiming to reduce the study on their geometric 
properties to the commutative settings. The first research in this direction can be 
attributed to Arazy [T], who described extreme points in the unitary matrix spaces. 
In the symmetric spaces of measurable operators extreme points were characterized 
by Chillin, Krygin and Sukochev in [6]. 

The theory of noncommutative spaces £’(AI, r) has attracted many mathemati¬ 
cians who continue to research their geometric properties. There is a long list of 
papers relating geometric properties of the operators and their decreasing rear¬ 
rangements, see for example results on local uniform rotundity and uniform rotun- 
dity complex extreme points [3] , Kadets-Klee property , or smooth points in 
m- Worth mentioning is also work in [50] investigating local geometrical aspects 
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Marcinkiewicz spaces. 
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of subspaces of noncommutative Lp spaces associated with general von Neumann 
algebras. 

Let be a semifinite von Neumann algebra on the Hilbert space H with given 
faithful normal semifinite trace r. The symbol 1 will be used to denote the identity 
in M. and 'P{M) will stand for the set of all projections in Af. It is known that 
V{A4) is a complete lattice, that is the supremum and infimum exist for any non¬ 
empty subset of V[M.). Given p, g S V{M), we will write p V g and p A g to denote 
the supremum and infimum of p and q, respectively. The projections p and q are 
said to be equivalent (relative to the von Neumann algebra M) denoted by p g, 
if there exists a partial isometry v € M such that p = v*v and q = vv*. A non-zero 
projection p € 'P{Ai) is called minimal ii q G V{M) and q < p imply that q = p 
or q = 0. The von Neumann algebra Ad is called non-atomic if it has no minimal 
projections. A projection p G P[M) is called a-finite (with respect to the trace 
r) if there exists a sequence {p„} in P{M) such that Pn t P and t(p„) < oo. If 
the unit element 1 in Ad is cr-finite, then we say that the trace t on Ad is cr-Hnite 

[niiiais]. 

Given a self-adjoint (possibly unbounded) linear operator x : Vix) C H ^ H, 
we denote by e“(-) the spectral measure of x. A closed, densely defined operator 
x, which commutes with all the unitary operators from the commutant Ad' of 
Ad, is said to be affiliated with Ad. If in addition there exists A > 0 such that 
T (el“l(A, oo)) < oo then x is called r-measurable. The collection of all r-measurable 
operators is denoted by S (Ad,T). 

For an operator x € S'(Ad,T), the function p(x) = fJ,(-,x) : [0,oo) -i- [0, oo] 
defined by 

p(t, a;) = inf |s > 0 : r(el^l (s, oo)) < , t > 0, 

is called a decreasing rearrangement of x or a generalized singular value function 
of x. It follows that ffix) is decreasing, right-continuous function on the real half¬ 
line. Note that in this paper the terms decreasing or increasing will always mean 
non-increasing or non-decreasing, respectively. Observe that if 'r(l) < oo then 
p(t,x) = 0 for all t > r(l), and so p{oo,x) = limt_>.oo p(t, a;) = 0. We denote by 
So {M,t) the collection of all a; G S' {M,t) for which p{oo,x) = 0. So (AI,r) is a 
+-subalgebra in S 

By a positive operator x we mean a self-adjoint operator such that (a;^, ^) ^ 0 for 
all f in the domain of x. S~^ (Ad, r) will stand for the cone of positive measurable 
operators. 

Any closed, densely defined linear operator x has the polar decomposition x = 
u\x\^ where u is a partial isometry with kernel Keru = Kera;. Moreover, the 
polar decomposition of x* is given by x* = u* |a;*|. We have that u*u = s(a;) = 
oo) and uu* = s(x*) = e^^ 1(0, oo), where support projections s(x) and s(x*) 
are projections onto Ker'^a; and Ker'^a;*, respectively. It is known that x is r- 
measurable if and only if u G Ad and \x\ is r-measurable. The null projection 
n{x) = 1 — s(x) = is a projection onto Kera;. 

Let = L°[0, a) stand for the space of all complex-valued Lebesgue measurable 
functions on [0,a), a < oo, (with identification a.e. with respect to the Lebesgue 
measure m). 

Given / G L^, the distribution function d{f) of / is defined by d{X, f) = m{t > 
0 : |/(t)| > A}, for all A > 0. The decreasing rearrangement of / is given by 
= inf{s > 0 : d{s,f) < t}, t > 0. Observe that d{f) = d{-,f) and 
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are right-continuous, decreasing functions on [0, cxd). A support of 
function f € E, that is the set {t G [0, a) : f{t) ^ 0} will be denoted by supp/. 
Moreover for f,gG L°, we will write / ^ g if fg fj.{f) < fg p,{g) for all t > 0. For 
operators x,y G S x ^ y denotes /i(x) -< y(y). 

A Banach space E G is called symmetric (also called rearrangement invari¬ 
ant) if it follows from / G g G E and y,{f) < p{g) that f G E and ||/||_e < ll'?l|£; 

[SI [HI- It is well known that for every symmetric space E on [0,a), we have that 
E C Li[0,a) -I- Loo[0,Qf). Moreover, if from f,g G E and f g we have that 
II/IIe £ llffllfi then E is called a strongly symmetric function space. Any symmetric 
space which is order continuous or satisfies the Fatou property is strongly sym¬ 
metric mn]. Throughout the remainder of the paper we will assume that E is 
strongly symmetric function space. 

Given a semifinite von Neumann algebra (A4,t) and a symmetric Banach func¬ 
tion space E on [0, a), a = t(1), the corresponding noncommutative space E (AI, t) 
is defined by setting 

E {A4,t) = {cc G S' (Ad, r) : y,{x) G E}. 

Observe that for any x G S{A4 ,t), /i(x) = /r(^)X[o.a )5 so we identify those two 
functions. E{M.,t) equipped with the norm ||ai||£;(M.T) = II/^(2 ;)||e is a Banach 
space m and it is called symmetric space of measurable operators associated with 
(A1,t) and corresponding to E. 

The trace r on Ad+ extends uniquely to an additive, positively homogeneous, 
unitarily invariant and normal functional f : S (Ad, r)'*' —>■ [0, c»], which is given by 
t{x) = X G S . This extension is also denoted by r. The simple 

observation that an operator x G A(Ad, t) is trace commuting with any projections 
p G P(Ai), that is t(xp) = t(px), will be used further in the paper [T^ . 

If E = Lp on [0, t(1)), 1 < p < oo, then for x G Lp (Ad, r) we have ||a;||Lp(Ai,r) = 

llM(a;)IUp = ^ = (T(|a;|^))^'^^. The space Li(Ad,r)-f is the 

space of all operators x G S{M.,t) for which fg y.(x) < oo. By [T^ Proposition 
2.6] we have that E (M,t) C Li (M,t) -G Ad. 

Consider a commutative von Neumann algebra A/" = {Nf : A 2 [ 0 ,r(l)) L 2 [ 0 ,'r(l)) 

/ G Aoo[0,r(l))}, where Nf acts via pointwise multiplication on L2[0,t(1)) and 
the trace rj is given by integration, that is Nf{g) = f ■ g, g G L2[0,t( 1)), and 
r]{Nf) = fdm, where m is the Lebesgue measure on [0,r(l)). This von Neu¬ 
mann algebra is commonly identified with Loo[0,t(1)). S(Af,g) is identified with 
the set of all measurable functions on which are bounded except on a set of finite 
measure, denoted in this paper by S'([0, t(1)), m). Moreover for Nf G S{J\f,g), the 
generalized singular value function p{Nf) is precisely the decreasing rearrangement 
p,{f) of the function / G ^([O, t(1)), m). For any symmetric function space E we 
have that E{N',t]) is isometrically isomorphic to the function space E. 

For the theory of operator algebras we refer to [111 [25] , and for noncommutative 
Banach function spaces to [ni[ii[is]- 

For the readers’ convenience we will recall below the well known result on com¬ 
muting elements of S (Ad, r). 

Proposition 1.1. |13j Two self-adjoint elements a,b G S (Ad,T) commute if and 
only if e“(s, oo)e^(s, oo) = e^(s, oo)e“(s, oo) for all s > 0. 

The following facts will be used in the subsequent sections. 
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Lemma 1.2. [TTJ Lemma 2.5], [13] Suppose that the von Neumann algebra M. is 
non-atomic and a € S~^ (A1,t). If X < t(1) then there exists e € P{A4) such that 

e“ (/x(A, a), oo)) < e < e“ [^(A, a), oo)) and r(e) = A. 

Lemma 1.3. [TT] Lemma 3.2], [13] Suppose that a € S'^ (A1,t), e € P{M) is such 
that r(e) < oo and 

e“ (A, oo) < e < e“[A, oo). 

Then ae = ea = eae and p,{ae) = /4(a)x[o,T(e)) • particular, 

^r(e) 

T{eae) = T{ae) = / m ( o )- 

Jo 

Lemma 1.4. [T3] Suppose that 0 < x € Li (A4,t) + M. Let A > 0 and e be a 
projection in A4 such that T(e) = A and 


Then 

Proposition 1.5. 


T{xe) = [ fi{x). 

Jo 

e^ {fj,{X, x), oo) < e < [l^-iX, x), oo). 

(1) [31 Proposition 1.1] For x G S 
IJi{\x\ + iJL{oo,x)n(x)) = p,{x) 


(2) [9] Proposition 1.1] If x G S(Ai,T) and jx] > fi(oo,x)s(x) then fi{\x\ — 
fi(oo, x)s{x)) = pl{x) — /r(oo, x). 

(3) [13], [To] Lemma 1.3] If x,y G Li {M., r) + M, /r(oo, x) = /r(oo, y) = 0 and 
T ({x + y)/2) = y{x) = fi{y), then x = y. 

(4) [22] If x,y G S (Al, r), x = x*, y > 0 and —y < x < y, then x ^ y. 

(5) [BJ Proposition 2.2] Ifx, y G S'+(A4, r), y ^ 0 and x > /r(oo, x)l, then there 
exists s > 0 such that y{s, x) < y{s,x + y). 

(6) [5] Proposition 3.5] If x, y G S{J^, r), y = y*, x > y[oo, x)l and y,{x+iy) = 
y[x), then y = 0. 

(7) m ifs >0 and p = (s, oo) t/ien/i(]x|p) =/r(x)x[o.T(p))- 

Condition (1) in the above proposition implies the following. 

Corollary 1.6. Let x G S {A4,t) and p G V{M.). If px = xp = 0 and 0 < C < 
p(oo, x) then p(x + Cp) = y,{x). 

Proof. Suppose that px = xp = 0 and 0 < C < /r(oo, x). Then n{x) > p, n{x*) > p 
and jx + Cp| = jx] + Cp. The claim follows now by Proposition 11.51 (1). Indeed, 
p(|x|) < /i(|x| + Cp) = /i(x + Cp) < /r(|x| + p(oo, x)n(x)) = /r(x). □ 

Below we include the results that show that E is isometrically embedded into 
E(A4,t), if certain conditions on the trace r and von Neumann algebra Ai are 
imposed. 

Recall that given two =i=-algebras A and B, the mapping $ : A —S is called 
a *-homomorphism if $ is an algebra homomorphism and $(x*) = $(x)* for all 
X G A. If, in addition, A and B are unital and <I>(1 a) = 1b then $ is called unital 
*-homomorphism. 
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Proposition 1.7. [T3], [3 Lemma 1.3] Let M he a non-atomic von Neumann alge¬ 
bra with a faithful, normal, a-finite trace r and x G Sq" {M, t). Then there exists a 
non-atomic commutative von Neumann subalgebra Af in M and a ^-isomorphism U 
from the ^-algebra r) onto the ^-algebra S ([0, t(1)) , m) such that x G S{Af, r) 
and pL{y) = p{Uy) for every y G S{Af,T). 

Given an operator x G S {M,t) and a projection p G 'P{M) we define the 
von Neumann algebra AA.p = {py\p(^H) • U € At}. It is known that there is a 
unital ^-isomorphism from S (A4p,Tp) onto pS (At,r)p. Moreover, the decreasing 
rearrangement computed with respect to the von Neumann algebra {Nip, Tp) is 
given by = yipyp), y G S {Mp, Tp). See [3 UHl HI] for details. 

Using the theory of measure preserving transformations which retrieve functions 
from their decreasing rearrangements and U~^ from Proposition 11.71 the following 
can be shown. 

Proposition 1.8. |13| Suppose that Ni is a non-atomic von Neumann algebra with 
a faithful, normal trace r. Let x G (Li(A4, r) -j- At) H Sfj' (At, r). Then there exist 
a non-atomic commutative von Neumann subalgebra 

Af C s{x)AAs{x) and a unital ^-isomorphism V acting from the ^-algebra 
S'([0, T(s(a:))), m) into the ^-algebra S{Af,T), such that 

Vy{x)=x and y{y{f))=y{f) for all f G S {[t),T{s{x))) ,m). 

Proposition 1.9. [T3] Suppose that A4 is a non-atomie von Neumann algebra 
with a faithful, normal, a-finite trace r. Let x G (Li(At, r) -f At) fl Sq (At, r) and 
t{s{x)) < oo. Then there exist a non-atomie commutative von Neumann subalgebra 
A/” C At and a unital ^-isomorphism V acting from the ^-algebra S ([0,r(l)) ,m) 
into the *-algebra S{Af,T), such that 

Vy{x)=x and y{V{f)) = y{f) for all f G S {[Q,T{l)),m). 

We will need further a specific version of the above propositions. 

Corollary 1.10. Let A4 be a non-atomic von Neumann algebra with a faithful, 
normal, a-finite trace t, x G S{A4 ,t), and \x\ > y{oo,x)s{x). Denote by p = 
s(|a;| — y{oo,x)s{x)) and define projection q G P(At) in the following way. 

(i) If t{s{x)) < oo set q = 1 . 

(ii) If t{s{x)) = oo and t[p) < oo, set q = s{x). 

(hi) If t(p) = oo, set q = p. 

Then there exist a non-atomic commutative von Neumann subalgebra Af C qA4q 
and a unital ^-isomorphism V acting from the *-algebra S ([0, r(l)), m) into the 
^-algebra S{Af,T), such that 

Vy{x) = \x\q and y{V {f)) = y{f). 

for all f G S ([0,r(l)),m). 

Proof. Observe that p = s(|a:| — y{oo,x)s{x)) = e^^^{y{oo,x),oo) < s{x). Hence if 
t{p) = oo then also t(s(x)) = oo, and therefore conditions (i), (ii), and (iii) give 
all possible cases. Furthermore, by Proposition 11.51 (2), fj,{\x\ — y{oo,x)s{x)) = 
y{x) — /i(oo, x), and so |a;| — y{oo, x)s{x) G Sq (At, r). 

Note that in either case r(g) = r(l). Hence in view of Proposition 11.51 (7), it 
follows that y{\x\ q) = yix)xio,Tiq)) = h-i.x). 
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Case (i). Since t(s(x)) < oo, we have that /i(cx),x) = 0. Therefore the claim is 
an immediate consequence of the Proposition 11.91 applied to |a;|. 

Case (ii). Let r(s(x)) = oo, t(p) < oo and q = s{x). Applying Proposition 11.91 
to the operator \x\ —/i(oo, x)s(x) = s(a;)(|a:| —/r(oo, x)s(x))s(x) G s(x)S (A4, r) s(a;) 
and to the von Neumann algebra s{x)M.s{x), there exists a non-atomic com¬ 
mutative von Neumann algebra A/" C s(a;)Afs(a;) and a ^-isomorphism V from 
S ([0,T(s(a:))) ,m) = S ([0, oo) ,m) into 5'(A/’, r) such that 

Vp{\x\ - p{oo, x)s(x)) = |a;| - /r(oo, x)s(x) and fx(V (/)) = qi(f) 
for all / e S' ([0,oo),m). Since F(x[o,oo)) = s(x), 

|x| — p(oo, x)s(x) = y^(|x| — fJ-(oo, x)s(x)) = V(fJ-(x) — p(oo, x)) 

= V/i(x) - /r(oo,x)F(x[o.oo)) = Vfi(x) - fi(oo,x)s(x), 

and consequently Vp{x) = |x| = |x| s(x). 

Case (hi). Assume that t{p) = oo and q = p. By Proposition 11.81 applied to 
the operator |x| — /x(oo,x)s(x) and von Neumann algebra Ad, there exists a non- 
atomic commutative von Neumann algebra A/" C pAip and a ^-isomorphism V from 
S ([0, t(j})) ,m) = S ([0, oo), m) into S(A/’, r) such that 

Vp{\x\ - p{oo,x)s{x)) = \x\ - p{oo,x)s{x) and p{V{f))=p{f) 
for all / e S ([0, oo), m). Since p < s{x), 

|x| — /i(oo, x)s(x) = (|x| — p{oo, x)s(x))p = \x\p — p{oo, x)p 
and l^(x[o,oo)) = P- Thus again we have 

\x\p — /r(oo, x)p = |x| — p{oo, x)s(x) = y^(|x| — p(oo, x)s(x)) 

= V (p(x) - p( 00 , X)) = Vp(x) - p( 00 , X)V (X[ 0 ,oo)) 

= V fi(x) — /r(oo, x)p, 

and Vp{x) = \x\p. □ 

Remark 1.11. We will describe below the construction of a non-atomic von Neu¬ 
mann algebra A with the trace k, such that E (Ad,T) embeds isometrically into 
i?(A, k), for any symmetric function space E. 

Let A = J\r®M be a tensor product of von Neumann algebras N and Ad, 
where A/” is a commutative von Neumann algebra identified with Loo [0,1] with 
the trace rj. Let n = 77 (g> r be a tensor product of the traces p and r, that is 
K{Nf (g) x) = ? 7 (A/)t(x), [m [25]. It is well known that {A, k) has no atoms. 

Let 1 be the identity operator on L^[0,1] and denote by Cl = {A1 : A £ C}. 
Let X G S (Adjx) and consider a linear subspace D in L2[0,1] (g> iL generated by 
the vectors of the form C C) C; where ( G L2[0,1] and ^ G D{x) C H. For every 

n n 

a = ^ Ci C) 6 S define (1 g) x)(a) = ^ C* ® x^i. The linear operator 1 g) x : 

i=l i=l 

D L2[0, 1] g) iJ with domain D is preclosed, and by Lemma 1.2 in [7] its closure 
l®x is contained in S'(C1 ® M.,k). 

The map 7r:x—7-lg)x, xGAd,isa unital trace preserving ^-isomorphism from 
Ad onto the von Neumann subalgebra Cl g) Ad. Consequently, tt extends uniquely 
to a ^-isomorphism ff from S (Ad, r) onto 5'(C1 ® M.,k) [T3]. In fact one can show 
that 7f(x) = Igx. 
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Since every ^-homomorphism is an order preserving map, x > 0 if and only if 
> 0, where x G S{M.,t). The spectral measure of tt{x) is given by 
e’^(*)(i?) = 7r(e“(B)), that is = 1 ®e^{B) for any Borel set i? C M. Hence 

K oo)^ _ K (1 (g) e^(s, oo)) = T(e^(s,oo)) for any s > 0. Consequently 

TT preserves the singular value function in the sense that /i(l<8)x) = /i(x), where 
jl{t^x) is the singular value function of l(gx computed with respect to the von 
Neumann algebra Cl (g Ai and the trace k. 

Thus 

ll^(a::)l|E(ci(8i7W.K) = ||/i(lgx)||i5 = ||Ai(a;)|U = lkllis(M,r), 

where 


i?(Cl (g A4, k) = {l®x G S'(C1 (g A4, k) : /i(l®x) G E} 

= {l(gx : X G S (Ai, t) and /i(x) G E}. 

Hence it is a ^-isomorphism which is also an isometry from E{Ai, r) onto E{<C\ g 
Ai,K). We refer reader to [niisiEi] for details. 

Given a natural number k, consider a normed linear space X over the field C of 
complex numbers whose dimension is at least fc -|- 1. Denote by Sx and Bx the 
unit sphere and the unit ball of X , respectively. 

Definition 1.12. A point x G Sx is called k-extreme of the unit ball Bx if x cannot 
be represented as an average of fc -I- 1 linearly independent elements from the unit 
sphere Sx ■ Equivalently, x is fc-extreme whenever the condition x = J2i=i j 
Xi G Sx for i = 1,. .., fc -I- 1, implies that xi,X 2 , ...,Xfc+i are linearly dependent. 
Moreover, if every element of the unit sphere Sx is fc-extreme, then X is called 
k-rotund. 


The notion of fc-extreme points was explicitly introduced in |26j and applied to 
theorem on uniqueness of Hahn-Banach extensions. More precisely, Zheng and Ya- 
Dong showed there that given at least k -|- 1-dimensional normed linear space over 
the complex field, all bounded linear functionals defined on subspaces of X have 
at most fc-linearly independent norm-preserving linear extensions to X if and only 
if the conjugate space X* is fc-rotund. In the paper [2] fc-rotundity and fc-extreme 
points found interesting application in studying the structure of nested sequences 
of balls in Banach spaces. 

Clearly, if A is a normed space of a dimension at least Z, where I > fc, and x G Sx 
is a fc-extreme point of Bx, then x is Z-extreme. Moreover, 1-extreme points are 
just extreme points of Bx, and so 1-rotundity of X means rotundity of X. 

The simple example below differentiates between fc-extreme and fc -|- 1-extreme 
points. 


Example 1.13. Given fc G N, consider the fc -|- 2 dimensional space equipped 
with ii norm. Let x = ''' ’ ^ ^ fc-extreme point 

of Bfk+ 2 , since it can be written as an average of fc -I- 1 linearly independent unit 
vectors ei, 62 ,..., Ck+i- However, x is fc -I- 1-extreme point of 5 ,^+ 2 . To see it, let 

i = 1,2,... ,k + 2. 


= k^Ei=ly^^ where y, = (yf \i/f \ ..., yf 
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Then 


k+2 fe+2 k-\-2 fc+2 fc+2 fc+2 

2 = {k + 2)||x|li = ^ ^ ^ E E 

j — 1 i—1 i—1 j—1 i—1 j—^ 

fc +2 

= = ^ + 2 - 




Therefore for ever i,j = 1,2,... ,k + 2. In particular > 0, 

i = 1,2,... ,k + 2, and in view of = (fc + = 0 it follows 

that = 0 for every i = 1,2,..., k + 2. Thus the matrix formed by vectors 

yi,y 2 , ■ ■ ■, yk +2 has determinant equal to zero, since the last row comprises only of 

zeros. Consequently, 2 / 1 , 2 / 2 , j 2 /fc +2 are linearly dependent, and x is fc +1-extreme. 


We wish to mention here that also the family of Orlicz sequence spaces exposes 
the difference between /c-extreme and k + 1-extreme points [4] . 

The structure of the paper is as follows. Section 2 focuses on fc-extreme points 
in symmetric Banach function spaces. A new characterization of fc-extreme points 
in a Banach space is given in Proposition 12.21 The main theorem of the section, 
Theorem l2.6l is the analogous result to Ryff’s description of extreme points of orbits 
[21]. Part 3 considers /c-extreme points in the noncommutative space The 

main results of this section, Theorem l3.5l and Theorem l3.13l characterize fc-extreme 
operators in terms of their singular value functions. They generalize the result in [5] 
proved for extreme points in the case of fc = 1. The closing corollary of the section 
relates fc-rotundity of E with the fc-rotundity of E{M,t). In the last section of 
the paper we apply the obtained results to characterize fc-extreme points of orbits 
n((/) and n'( 2 ?). Given g ^ Li + Loo (resp. g G Li[0,a), a < oo), we have that 
/ is a fc-extreme point of its orbit Lt{g) (resp. Lt'{g)) if and only if /r(/) = g,{g) 
a-nd I/I > /((oo,/) (resp. /i(/) = fJ-ig))- Therefore we obtain that fc-extreme points 
of orbits Lt{g), and consequently of unit balls of Marcinkiewicz spaces, are non- 
distinguishable from extreme points. 


2. fc-EXTREME POINTS IN SYMMETRIC FUNCTION SPACES 

Let us first state an equivalent definition of a fc-extreme point in a normed space 
X. We will need the following simple observation, included in Lemma 1 m- 

Lemma 2.1. If xi,X 2 ,... ,Xn are linearly dependent in Bx and \\xi -I- X 2 -|- • • • -I- 
x„|| = n, then there are complex numbers ci, C 2 ,..., c„, not all zero, such that 
Cl + C2 + ■ ■ ■ + Cn = 0 and CiXi + C2X2 H- + CnXn = 0. 

Proposition 2.2. An element x G Sx is k-extreme of Bx if and only if whenever 
for the elements Ui G X, i = 1,... ,k, the conditions x + ut G Bx and x — i2i=i 'ai G 
Bx imply that ui,U 2 , ■ ■ ■ ,Uk are linearly dependent. 

Proof Suppose that x G Sx is fc-extreme and x + Ui G Bx and x — ^ 

ior ui,U 2 , ■■■ ,Uk G X. Set 

fc 

yi = x-\-Ui, for i = 1,..., /t:, and yk+i = x - 
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By the assumption we have yi € Bx for i = + 1, and z2i=i Vi — 

{k + l)x. Consequently, yi G Sx, i = 1 , 2 ,... ,k + 1 , and since x is fc-extreme, 
yi, 2 / 2 j ■ • ■ ,yk+i are linearly dependent. By Lemma [2.11 there exist complex num¬ 
bers Cl, C 2 ,..., Ck+i, not all equal to zero, such that Ci -I- C 2 • -I- c^+i = 0 and 

Ciyi + C 2 y 2 H-f Cfc+i 2 /fe+i = 0. Therefore (ci - Cfc+i)ui -b (c 2 - Cfc+i)M 2 H-f 

(cfc — Ck+i)uk = 0 and ui, U 2 , ■ ■ ■ ,Uk are linearly dependent, since Ci — Ck+i ^ 0 for 
some i= 1 , 2 ,... ,k. 

Suppose now that x is not a fc-extreme point of Bx, that is there exist lin¬ 
early independent vectors xi,X 2 , ■. ■ ,Xk+i from the unit sphere Sx, such that 
X = (fcTTJ Efci Define Ui = Xi+i — a;, for i = 1,2,..., fc. Note that Ui 0 for 
alH = 1, 2,..., fc, since {xi,X 2 , ■. ■, a;fc-i-i} are linearly independent. Then x + Ui = 
Xi+i G Bx, i = l,2,...,k, and = {k+l)x-Y!i^l Xi = xi € Bx- More¬ 

over, it is not difficult to see that ui,U 2 , ■ ■. ,Uk are linearly independent. Indeed, 
suppose that 

Aiui + X 2 U 2 -b ■ • • -b XkUk = 0, for some Ai, A 2 ,..., Afc G C. 

We have then the following equivalent equalities 

Aia ;2 -b A 2 a ;3 -b ■ ■ ■ -b XkXk+i — (Ai -b A 2 -b ■ ■ ■ -b Afc)a; = 0, 

Aia;2 -b ■ ■ ■ -b XkXk+i — ^ ^ ^ (Ai -b ■ ■ • -b Afc)(a;i -b • • • -b x^+i) = 0, 

— + ■ ■ ■ + Afc)a;i — ^ ^ ^ {—kXi -b ■ • ■ -b Xk)x 2 — ... 

— (^1 — kXk)xk+i = 0. 

Since xi,X 2 ,. ■., Xk+i are linearly independent it follows that Ai = A 2 = • • • = Afc = 
0, and so ui,U 2 ,... ,Uk are linearly independent. □ 

Our main goal now is to show an analogous theorem on fc-extreme points as the 
Ryff’s theorem on extreme points [21]. We need first several preliminary results. 
Let us first note that E stands in this section for a symmetric Banach function 
space on [0,r(l)), where r(l) < 00 . 

Proposition 2.3. Let f and g be decreasing, right continuous functions from the 
unit sphere Se- Assume there exist points 0 < si < S 2 < S 3 < S 4 < 00 such that 

f{sz)>fisi+i), * = 1,2,3, 

9 > f + f{si){s - si), for all si < s < S 4 . 

Jo Jo 

If f ~< g then f is not a k-extreme point, for any k gN. 

Proof. Suppose that all assumptions of the proposition are satisfied, and let 
e = ■^niin{/(si) -/(s 2 ),/(s 3 ) -/(S 4 )} and 5=i(s3-s2). 

Define 

i = l, 2 ,...,k. 

Set fi = f + Ui, for * = 1, 2,..., fe and fk+i = f - J2i=i 
Let us show first that ^ g. Note that 

/fc+l / k€X(^s2,S2~\-^S) ^X(S3 — 5 , 53 ); 
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and so for 0 < s < si and s > S 4 , ^{s,fk+i) = /(s). Hence taking si < s < S 4 we 
have that ^{s,fk+i) < /(si) and 

[ Kfk+i)= [ f + f M(/fc+i) < [ f + f{si){s - si) < [ g, 

Jo Jo Jsi Jo Jo 

pS4 pS4 pS4 -| pS4 

/ Kfk+i)= fk+i= f + ke--d-ed= f. 

J Si j Si j Si ^ j Si 

Combining the previous equality with the fact g,{s,fk+i) = /(s) for s > S 4 and 
0 < s < si, it follows that for s > S 4 , 

[ /^(/fc+l) = [ /^(/fc+l) + [ fk{fk+l) + [ Kfk+l) 

Jo Jo J Si J S 4 

pS4 pS pS 

= f+ f= f- 

Jo J S 4 J 0 

Therefore fk+i g and consequently fk+i S Be- Similarly one can show that 
fi < g and so fi G Be for all* = 1, 2 ,..., fc. 

Since ui,U 2 , ■ ■ ■ ,Uk are linearly independent, by Proposition 12.21 / cannot be a 
/c-extreme point. □ 


Lemma 2.4. Let f and g be decreasing, right continuous functions from the unit 
sphere Se, such that f ^ g. If for some to > 0, f is not constant in any of its right 
neighborhoods, and 



then f is not a k-extreme point of Be- 


Proof Let 77 > 0 be such that 

pto pto 

/ f + V< 9- 

Jo Jo 

Since / has infinitely many values on every right neighborhood of to 5 we can chose 
to < Si < S2 < S3 < S 4 < to+r]/{ 2 f{to)) such that /(si) > /(S2) > /(S3) > /(S4). 
Since si — to < ^/(2/(to)), taking s > to we have that 



pto psi ptQ psi 

+ V= f + V+ / /< / 9+ / 

Jo Jto Jo Jto 

< 9 + f{to){si-to) < 9+^< 


Consequently for s > to, 


Notice that 



/ + i< 



9- 


0 < S4 — Si < 


V 

V{to) 


- 2 /(si)- 



Hence for Si < s < S4, 

f / + /(si)(s-Si) < f / + /(si)(s4-Si) < [ f + ^< f 9, 
Jo Jo Jo ^ Jo 

and by Proposition l2.31 / cannot be a fc-extreme point oi Be- 


□ 
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Lemma 2.5. Let f and g be deereasing, right continuous functions from the unit 
sphere Se, such that f ^ g. If for some to > 0, f is continuous at tg, not constant 
in any of its left neighborhoods and 

f{to) < g{to), 

then f is not a k-extreme point of Be- 


Proof. By continuity of / at to and the assumption that /(to) < g{to) there exist 
S,gi >0 such that f{t) + rji < g{t) for all t G [to — d, to]. Hence f + g < /q“ g, 
for some g > 0. 

Set C = min{i5, g/{2g{to —15))}. Note that g{to — S)>0, and so C is well defined. 

The assumptions on the function / ensure that / has infinitely many values on 
every left neighborhood of to. Thus we can find to — C < si < S2 < S3 < S4 < to, 
such that /(si) > /(S2) > f{so) > /(S4). Note that to — si < C, and so to — si < 
g/{2g{to — S)) and to — 5 < si. Thus for all s G [si,to], 


rsi pto pto psi pto psi 

/ f + g< f + g< 9=1 9 + 9< 9 + g{si){to - si) 

Jo Jo Jo Jo Jsi Jo 


< 




9- 


g 


/o 2g(to - (5) 

MoreoverO < S4 —si < g/{2g{to — 6)) < g/(2f(tQ — S)) < g/{2f{si)). Consequently, 
for all Si < s < to, we have that 


f / + /(si)(s-Sl) < [ / + /(si)(s4-Sl) < [ f+^< [ 9 . 

Jo Jo Jo ^ Jo 

It follows now by Proposition 12.31 that / is not a fc-extreme point of Be- 

□ 


Theorem 2.6. Let E be a symmetric Banach function space and f G Se- Suppose 
there exists a function g G Se such that f ^ g and g-{f) fJ.{g)- Then g.{f) cannot 

be a k- extreme point of Be- 


Proof. Since the condition f ^ g is equivalent with /i(/) -< fJ.{g), we can assume that 
/ = g-if) s-nd 9 = gig)- Thus / and g are decreasing, right continuous functions. 
\i f ^ g, then for at least one value of t > 0 , 


/< 


9- 


Then the set H = {u > 0 : /(u) < g{u)} contains a point at which / is continuous. 
Indeed, the condition that f ^ g implies that A is non-empty. Furthermore, since 
g is right continuous and / is decreasing, one can show that the set A contains a 
non-empty interval. Since a decreasing function / has only countably many points 
of discontinuity, the claim follows. 

Let to > 0 be such that /(to) < gito) and / be continuous at to- 
Case I Assume that to G (ti,t 2 ), 0 < ti < t 2 < 00 , / = c on [ti,t 2 ), and / 
experiences a jump discontinuities greater than g at ti and t 2 . If ti = 0, disregard 
the discontinuity at ti. Note that since /(to) < 5 (^ 0 ), we have that c = /(t) < g{t) 
for all t G [ti,to]. Let a = supjti < t < t 2 : /(t) < git)}. Clearly a > to- 
Case I.a Assume that a = t 2 or gitf) > c. Let 


(j< 


to — ti 


1 


and e < 7 inin{ 5 (to) — c, g}. 


2k 
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For i = 1, 2,..., fc, define 


fi= f + Ui 

k 

fk+l = f — ^ Ui = f + keX(ti,ti+S) — ^X{t2-kS,t2)- 
i=l 


It is clear that fj,{fk+i) = fk+i- We will show next that fk+i -< g. For t < ti, 
fo fk+i = fof < foff- Observe that c = fxit^M) ^ and so /fe+iX[ti.t 2 ) < 

9 X[tut 2 )- Thus taking h < t < t 2 , it follows that fk+i = fo' f + fk+i < 

fo' f + /ti 9 < fo 9- Finally if t > tz, fo fk+i = fo f + keS - keS = / < fo 9- 

Note next that ^(/*) = f+eX{ti,ti+s)-^X{t 2 -s,t 2 ), for alH = 1 , 2 , ..., fc. Following 
the same argument as above, one can show that fi -< g, i = 1 , 2 ,..., fc. By linear 
independence of ui,U 2 , ■ ■ ■ ,Uk and by Proposition 12.21 / is not a fc-extreme point 
of Be- 

Case I.b Let now a = sup{ti < t < t 2 ■ f{t) < g{t)} < ^2 and g^t^) < c. Then 
for 7 ,13 sufficiently small g{t) < c — 13, whenever ^2 — 7 < t < ^ 2 - Set 


S < — min 
k 


to — ti 


t2 — Ot,Ci — ti,x 


and e < — minfglto) — c, g, /?}. 
k 


Define functions Ui and fi as in Case La. 

We will show first that fk+i -< g, where obviously g{fk+i) = fk+i- Since for 
t < ^ 1 : fk+i(t) = f(t) and for ti < t < a, fk+i(t) < g(t), it remains to consider the 
case of t > a. Let a < t < t 2 . By gx[a,t 2 ] < /fc+iX[a.t 2 ] and f^^ fk+i = f^^ f, it 
follows that 


pt pt2 pi2 r^2 pt2 pt2 pt2 pt 

/ fk+i = f - fk+i < f - g< g- 9= 9- 

Jo Jo Jt Jo Jt Jo Jt Jo 

For t>t 2 , fo fk+i = fof < fo 9- 

Since /i(/i) = / + eX(ti.ti+5) “ eX(t2-<5.t2): for all* = 1, 2,..., fc, following the 
similar argument as above it is not difficult to observe that fi ^ g, i = 1,2,... ,k. 
Again by Proposition 12.21 / is not a fc-extreme point of i?£;. 

Case II Suppose now that to € (^ 1 ,^ 2 ), 0 < ti < t 2 < cxd, / = c on [^ 1 ,^ 2 ), and 
/ is continuous at ti, where ti = inf{t : f{t) = c}. Since /(to) < g{to)^ we have 
that /(ti) < g{ti). By Lemma [53] applied to ti we can conclude now that / is not 
a fe-extreme point oi Be. 

Case III Assume that to G (ti,t 2 ), 0 < ti < t 2 < 00 , / = c on [ti,t 2 ), and / is 
continuous at t 2 , where t 2 = sup{t : fit) = c}. We claim that / < f*^ g and so 
by Lemma 1531 / is not fc-extreme. Indeed, suppose that f*^ f = g. 

If 9 (^ 2 ) — /(^s), by the continuity of / at to, and inequality /(to) < 5(to), we 
have f^f f < f*f g. Hence 


pto pt2 pt2 pt2 pt2 pi2 pt2 pto 

/ /=/ f- f= g- f> 9- 9= : 

Jo Jo J tQ Jo J to Jo J to J 0 


contradicting the assumption that f ~< g. 
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On the other hand if ) < f(t 2 ), there exists (5 > 0 such that n(t) < fit) for 
t&{t 2 M + 5). Thenfort G (t 2,<2 + <5), 



which leads to a contradiction. Hence f < g, where / is not constant in any 
of the right neighborhoods of ^ 2 - By Lemma HH] it follows that / is not a /c-extreme 
point. 

Case IV Suppose now that to G (ti, oo), where / = c on [fi, oo), and ti = inf{t : 
fit) = c} > 0. Moreover, assume that / has a jump discontinuity greater than 77 
at ti, if ti > 0. Note first that for t >ti, 


( 2 . 1 ) 
and so 
( 2 . 2 ) 


nti nt pt 

/ f + cit-ti) = f < g, 
Jo Jo Jo 


/oV , _ /o<? 


t — tl 


+ c< 


t — tl 


It is clear that limt_>oo 737 ^ = 0. Moreover, by m it is easy to see that 

jt ^ 

limt_).oo fnff = 00 . Hence lim — 2 — = Jim git). Consequently by ( 12 . 2 L linit^oo ^(t) 

^ t^OO t — tl t^oo 

c. Set 

e < mm{77,g(to) -/(to)}, and 5 = — - -. 


If tl = 0 disregard 77 in the inequality above. Define the functions 

u^ = -ex{to-iS,to-ii-i)S), fi = / + Mi, for 7 = l,2,...,fc, and fk+i = / - '“u 

Consider first the decreasing function fk+i = / + We have that 

fk+iit) = fit) + ex{ti,to){t) < ait) for all t > ti, and /fc+i(t) = /(t) for 0 < t < ti. 
It is easy to observe now that fk+i -< g- 

Moreover, for i = 1, 2,..., fc, gifi) = f ■ In view of Proposition 12.21 the claim 
follows. 

Case V Consider now the case when / differs from a constant in every neigh¬ 
bourhood of to. Since / is continuous at to and /(to) < 5(to), Lemma [2.51 ensures 
now that / is not a fc-extreme point. □ 


Corollary 2.7. Let E be a symmetric Banach function space and f G Se- If gif) 
is a k-extreme point of Be then for all functions g G Se with f ^ g, it holds that 

gif) = gia)- 

We wish to observe that the same characterization of the fc-extreme points is 
not valid for symmetric sequence spaces. We are grateful to Timur Oikhberg for 
bringing it to our attention and providing the following example. 

Consider the points x = ( 5 , 7 , 0 ) and y = (1,0, 0) in ii. It is easy to verify that 
a; is a 2-extreme point in £1 with x ^ y. However x = gix) giy) = y. 


3. /c-EXTREME POINTS IN NONCOMMUTATIVE SPACES 

In this section we shall characterize fc-extreme points of the ball Be{m,t) hi 
terms of their singular value functions. Through the effort of the series of technical 
lemmas we will establish main Theorems 13.51 and 13.131 
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Lemma 3.1. Let j\4 be non-atomic and x be a non-zero, positive element of 
S Then there exist k mutually orthogonal, non-zero projections pi,p 2 ,.. .,pk, 

commuting with x and such that pi < s{x), i = 1,2 ,..., k. 

Proof. Suppose first that p,{x) admits at least fc + 1 different values. Choose 0 < 

Ai < A 2 < • • • < Afe+i such that p,{Xi,x) > p.{X 2 ,x) > • • • > fi{Xk+i,x) > p,{oo,x). 

Since T(e“(A, 00 )) < 00 for all A > p,{oo,x), we have that 

r (e^ {pL{Xi+i,x),pL{Xi,x)]) = m{t : p.{Xi+i,x) < n{t,x) < p.{Xi,x)} > 0, 

i = l,2,...,k. Hence 0 ^ Pi = e^ {pL{Xi+i,x), pi{Xi,x)\ < e^(0,oo) = s{x), i = 

1,2,... ,k. Clearly pi,p 2 , ■ ■ ■ ,Pk are mutually orthogonal projections commuting 
with X. 

Assume now that p,{x) has less than fc + 1 different values. Then /i(0, x) < 00 is 
the biggest value of /i(x). Moreover r (e'^[/i(0, x), 00 )) = m{t : p.{t,x) > /i(0,x)} > 

0, if /j,(0,x) > pt{oo,x) or x), 00 ) = 1, if ^(0,x) = ^( 00 , x). In either case 

x), 00 ) is a non-zero projection less than s(x) = e®(0, 00 ). 

Since A4 is non-atomic, we can find k mutually orthogonal, non-zero projections 
pi,P 2 , ■. ■ ,Pk such that Pi < e^[/i(0, x), 00 ), i = l,2,...,k. We claim that pi, 
i = 1 ,2,... ,k, commute with all spectral projections of the form e^(s, 00 ), s > 

0. Indeed, if s > ^(0,x), then e®(s, 00 ) = 0. For s < ^(0,x), e“[^(0, x), 00 ) < 
e®(s, 00 ) and so pi < e“(s, 00 ), i = 1,2,... ,k. Thus if s < /i(0, x), pie^{s, 00 ) = 

Pi = e^{s,oo)pi, i = l,2,...,k. Proposition II. II implies now that all projections 
pi,P 2 , ■. ■ ,Pk commute with x. □ 

Lemma 3.2. Let Ai be a non-atomic von Neumann algebra. If x is a k-extreme 
point of the unit ball liE(M,T) then fi{oo,x) = 0 or n{x)Ain(x*) = 0. 

Proof. Assume for a contrary that n(x)AAn(x*) 0 and /r(oo,x) > 0, while x is a 
fc-extreme point. As shown in Lemma 2.6 [9], if n{x)A4n(x*) 0, there exists an 

isometry w such that x = w |x|. 

It is easy to show now that if x is fc-extreme then so is |x|. Indeed, let |x| -I- 
Ui e Be{m,t), for i = l,2,...,k and |x| - J2i^iUi € Be{m,t)- Then x-I- 
wui € Be(m,t), i = l,2,...,fc and x — J2'i=i'^Ui G Be{m,t): and since x is k- 
extreme wui,wu 2 ,. ■., wuk are linearly dependent. In view of w being an isometry, 
ui, U 2 ,. ■. ,Uk are linearly dependent, proving that |x| is fc-extreme. 

Since n(x) 0 and AA is non-atomic, there exist k mutually orthogonal, non-zero 
projections, pi,P 2 , ■ ■ ■ ,Pk, such that pt < n(x), i = 1,2,... ,k. By Corollary 11.61 
p{\x\-\-p{oo,x)pi) = p{x), and p{oo,x)pi) = p{\x\-\-J2i=i p{oo, x)p^) = 

p{x). Clearly the set 

{pioo, x)pi,pl{oo, x)p 2 , ..., /i(oo, x)pk} 

is linearly independent, which is impossible since |x| is fc-extreme. □ 

Lemma 3.3. Let Ai be a non-atomic von Neumann algebra. If x is a k-extreme 
point of Be{m,t) then |x| > yLt(oo, x)s(x). 

Proof. Suppose that/r(oo, x) > 0 and (0,/r(oo, x)) 0. We have that |x| el“l(0, ^( 00 , x)) y^ 

0, since el“l(0,^( 00 ,x)) < s(x) = el®l(0,oo). 

Choose 0 < e < 1 such that el“l(0,/3] y^ 0, where /3 = Y^/r(oo,x). Such e must 
exist, since otherwise (0,/i(oo, x)) = 0. 
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By Lemma [XT] applied to |a;| el^l(0,/3], we can find k non-zero, mutually orthog¬ 
onal projections {pi,P 2 , ■ ■ ■ ,Pk}, Pi < el“l(0,/?] and commuting with |a;| (0,/?]. 

Consequently Pi commute with \x\ for alH = 1, 2,..., fc. Indeed, since pie^^l (/3, oo) = 
oo)pi = 0 and Pi commutes with |a;| [0,/3], we have that for all i = 

1,2,...,fc, 

\x\pi = \x\{0}p^ + |a;| el^l(0,/3]pi -h |a;| (/3, oo)pi = \x\e^'^^{0,|3]p^ 

= Pt \x\ -l-pi |a;| el“l(0,/3] + {^, oo) |a;| 

= Pj |a;| el“l{0} -hpi |a;| el®l(0,/3] -h p^ |a;| el"'l(/3, oo) = pi |a;|. 

Define Ui = -e |a;| pi, zt = \x\ + m = |a;| - e |x| pi, i = 1, 2,..., fc, and Zk+i = 
= \x\ + For i = l,2,...,fc, 0 < |x| - \x\p^ < z^ < 

|a;|, and so Zi S Be(m,t)- Furthermore, it was shown in Lemma 3.8 [9], that 
|a;| -I- e |a;| el^l(0,/3] S Since Zk+i < |a;| -I- e |a;| el“l(0,/3] it follows that also 

Zk+i G Be(m,t)- 

Let X = u\x\ be the polar decomposition of x. Therefore x — expi = uzi S 
Be(m,t), for i = 1, 2,..., fc and x + ex^i^iPi = uzk+i & Be(m,t)- Note that for 
any non-zero projection q < el“l(O,,0] < s{x) we have that xq ^ 0. Therefore the 
collection {—expi}^,^^ is linearly independent, and x cannot be a A:-extreme point. 

Therefore el^l(0,/I] = 0 for all /3 < p{oo,x). Hence (0, p(oo, x)) = 0 and 
s(a;) = el'^l(0, oo) = [p(oo, x), oo). Consequently, 

|a;| = / (A) > p,(oo, a;)el“l [p(oo, a;), oo) = p,(oo, x)s(a;). 


The inequality |a;| > p,(oo, x)s(a;) can be expressed in an equivalent way as 
follows. 

Lemma 3.4. Let x S S {M,t) and p{oo,x) > 0. Then the conditions |a;| > 
p{oo, x)s{x) and el“l(0,/i(oo, a;)) = 0 are equivalent. 

Proof. It follows from the last paragraph of the proof of Lemma lT^ that if (0, p(oo, a;)) 
0 then |a;| > p,(oo, a;)s(x). 

For the converse, assume that \x\ > p(oo, a;)s(a;). Since for any a > 0, (0, a] < 

s(x) and |a;| commutes with el'^l(0, a], we have that |a;| el^l(0, a] > /i(oo, a;)el^l(0, a]. 
Suppose that there exists 0 < a < p,{oo,x) such that el'“l(0,a] 0. Then 

|a;| (0, a] = f Afiel'“l(A) < a f de^^^{X) = ae^^^{0,a\ 

J (0,Q(] J (0,a] 

< p(oo,a;)e^^^(0,a], 

and ael“l(0,Q;] ^ p(oo, a;)el^l(0, a]. Hence for all a < p{oo,x), el^l(0,a] = 0. 
Therefore el“l (0, p(oo, a;)) = Vo<:a<f,{oc,x)e^'‘^ (0, a] = 0. □ 

Theorem 3.5. Suppose that M is a non-atomic von Neumann algebra with a a- 
finite trace r. If x is a k-extreme point of then p,{x) is a k-extreme point 

of Be and either 

(i) p(oo, a;) = 0 or 

(ii) n{x)M.n{x*) = 0 and |a;| > p,{oo,x)s{x). 
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Proof. Suppose that x is a fe-extreme point of the unit ball in E{A4, t). By Lemma 
13.21 and conditions (i) or (ii) are satisfied. 

Let 

^ fc + 1 

(3.1) ^ /*, where e S'e, * = 1, 2,..., /c + 1. 

f=l 

To prove that fi{x) is fc-extreme we need to show that /i, / 2 ,..., fk+i are linearly 
dependent. Let 

p = s(|x| — /r(oo, x)s(x)) = (p(oo, a;), oo). 

By Corollarv ll.lOl there exist a projection q € V{A4), a non-atomic commutative 
von Neumann subalgebra Af C qMq and a ^-isomorphism V acting from the *- 
algebra S ([0,t(1)) ,m) into the *-algebra S'(A/’, r), such that 

Vfi{x) = \x\q and p(y(/))=p(/) for all / G S'([0, t( 1)), m). 

Moreover, there are three choices of q: (1) g = 1 whenever r(s(x)) < oo, (2) 
q = s{x) if t(s(x)) = oo and r(p) < oo, or (3) q = p if r(p) = oo. 

Applying now isomorphism V to the equation (13.11) . 

^ 1 

(3.2) lxlq = Vp(x) = 

i—1 

Case (1). Let t(s(x)) < oo and g = 1. Since s{x) ^ s{x*) and r(s(x)) < oo, 
by [25l Chapter 5, Proposition 1.38] n{x) ^ n{x*). Then by [9j Lemma 2.6] there 
exists an isometry w such that x = w\x\. Therefore by we have 

i—1 

and wV{fi),wV{f 2 ), ■ ■ ■ ,wV{fk+i) are linearly dependent. Since w and V are 
isometries fi, f 2 ,. , fk+i are linearly dependent. 

Case (2). Suppose that t(s(x)) = oo, t(p) < oo, and q = s(x). Let x = u\x\ be 
the polar decomposition of x. By (13.21) 

i—1 

where uV{fi) G Be(m,t), * = 1, 2,..., fc -I- 1. Since x is fc-extreme there exist 
constants Ci, (72,..., (7fc+i, such that C'i 7 ^ 0 and Yl^=i CiuV(fi) = 0. How¬ 

ever q = s(x) is an identity in the von Neumann algebra A/ C s(x)A4s(x) and so 
u*uV{fi) = s{x)V{fi) = V{fi). Consequently, 

fc-i-i 

Y^C,V{fi)=Q 

i=l 

and since V is injective /i, / 2 ,..., fk+i are linearly dependent. 

Case (3). Consider now the case when q = p = (/i(oo, x), oo) and t(p) = oo. 

Thus in view of Lemma [3.41 q-^ = -I- e^^^{p{oo, x)} > e^^^{p{oo, x)}. 
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For each i = 1, 2,..., fc + 1, choose 0 < < /i(cx), fi) such that cti = 

fi{oo,x). Such constants exist, since by [HI Lemma 2.5] for alH > 0 

/ , fe+l \ , fc+l / , N 

FTT S fo - FTT S (fm ■ ■ 

\ i—1 / i—1 ^ ' 

and so /i(oo, x) < ESMoo,/.). 

Define operators Xi = V{fi)+aie^^^{fj,{oo,x)}. Observe that since g is an identity 
in JV, q^V{fi) = V{f^)q^ = 0 , and so el“l{/i(oo,a;)}y(/,) = V{f^)e^^^{n{oo,x)} = 
0. Furthermore ai < ^{oo, fi) = /j,(oo, fo(/i)), and hence by Corollarv ll.61 fi{xi) = 
M(^(/i)) = Hence Xi G Be(m,t) for alH = 1, 2,..., fc + 1. We have now by 

(|3.2[l that 

|a;| = |a;|g+|a;| e'^''{^{oo,x)} = |a;| g + /i(oo, a:)el“l{/i(oo, x)} 

. fc+l - fc+l . fc+l 

= ITT S r(/.) + jTpY S (»•(”- -)} = Fir S 

i—\ i—1 2=1 

Using the polar decomposition x = u\x\, 

^ fc+l fc + l 

X = = ■^-^^(uU(/*) + aiUel"^l{Ai(oo,x)}), 

2=1 2=1 

and uxi,ux 2 , ■ ■ ■, ux^+i are linearly dependent. Since two components of x^, uV(fi) 
and aiue^^^{^{oo, x)} have disjoint supports, uV (/i),..., uV(fk+i) are linearly de¬ 
pendent. Moreover q < s(x), and so u*uV{fi) = s{x)V{fi) = s{x)qV{fi) = 
(fi) = V{fi). Since V is an isometry, /i, / 2 ,..., fk+i are linearly dependent. □ 

In order to show the converse statement of Theorem 13.51 we need several prelim¬ 
inary results. 

Lemma 3.6. Let x G Se{m,t) orid /i(x) be a k-extreme point of Be- If x = 
fcTT E^t^i '^^ere x, G BE{M,r), then /i(x) = J2i=l /^+)- 

Proof. Let x G Se(m,t) and x = E?=i where Xi G Be(m,t)- Since /i(x) ^ 

where E^=i G Be, the claim follows by Corollary 12.71 

□ 

Proposition 3.7. Let x G Se{m,t) toe such that p{x) is a k-extreme point of Be, 
p,{oo,x) > 0 and x > p,{oo,x)s{x). Let x = E?=i where Xi G Se(m,t), 
Xi > 0+ = 1, 2,..., fc -I- 1. Then for every i = 1,2,... ,k 1, Xi > /i(oo, Xi)s(xi). 
Moreover, if for some i, /i(oo,Xi) > 0 then s(xi) = s(x). 

Proof. Let /i(x) be fe-extreme in E, /i(oo,x) > 0, x > /i(oo,x)s(x), and x = 
Yli=i where x, G Se{m,t), Xi > 0, for i = 1,2,... ,k + l. By the assumption 
p{oo,x) > 0 , t( 1 ) = oo. 

Observe first that we can assume without loss of generality that A4 is non-atomic. 
If not, we can consider new elements l(g)x, l<S>Xi G Se{a,k.), i = 1,2,..., k + 1, where 
.4 = jV ( 8 > Ad is a non-atomic von Neumann algebra (see Remark |1.Ill) and ll®x = 
7 ) 7 ^ E^=i l< 8 ia;i. Observe that /i(oo,l( 8 >x) = 77 ( 00 , x) and /i(oo, l( 8 )Xi) = 71 ( 00 , Xi). 
Moreover, s(x) = s{xi) if and only if s(l®x) = 1 (g) s(x) = 1 (g s(xi) = s(l®Xi). 
Finally, l®x — 71 ( 00 , l®x)s(lgx) = l®x — 71 ( 00 , x)lgs(x) = l®(x — 71 ( 00 , x)s(x)), 
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and so X > /i(cx), x)s(x) if and only if l(g)x > /i(oo, The same is true 

for Xi- Therefore all the conditions in the proposition for x and Xi are equivalent 
to the corresponding conditions for and 

We will show first that if fi{oo,Xi) > 0 then s{xi) = s{x), i = 1,2,... ,k + 

1. Observe that 0 = n(x)xn{x) = n{x)xin{x), where n{x)xin{x) > 0. 

Hence n[x)xin(x) = 0, and so Xin{x) = 0. Consequently n{xi) > n{x), i = 

1, 2,..., fc + 1. Thus by Lemma 

(3.3) 

^ fc+1 ^ fc+1 

X + n{oo, x)n{x) = X! X! 

i—1 2=1 

^ A:+l ^ fc+1 

+ X] Xi)n{x) < X(^* + ^(°°’ Xi)n{xi)). 

i—1 2=1 

Note that by ProDOsition ll.5l flb ^(x+^(oq, x)n(x)) = fj.(x) and /x(a:i+p(oo, Xi)n(xi)) 
/J.(xi), i = 1,2,..., fc + 1. Furthermore, since /i(x) is fc-extreme, Lemma 13.61 implies 
that fi(x) = Therefore in view of (13.31) . 

/ ^ fe+i \ 

^(x) = /r(x + ^(oo, x)n{x)) < /r ——- {xi + /r(oo, x^)n{xi)) 

V + J 

^ /c+1 ^ fc + 1 

X x,)n{xi)) = fi{xi) = fi{x). 


and so 

/ ^ fc+i 

/r(x + fi{oo, x)n{x)) = n ( X(^* 

\ 2=1 

However, x+/i(oo, x)n(x) < Xi)n(xi)) and x+p(oo, x)n(x) > 

/r(oo,x)l. By Proposition [T3] (5) and in view of (13.3L 

^ A:+l 

(3.4) X + /i(oo, x)n{x) = - -- {xi + ^(oo, Xi)n{xi)) 

K + 1 

2=1 
^ A:+l 

= ■fcTpY X (^* + ^(°°’ Xi)n{x)). 

2=1 

Hence if /i(oo,Xi) > 0 then n(x) = n{xi) and s(x) = s(xi). 

We will show next that Xi > n{oo, Xi)s(xi), i = 1,2,..., k + 1. 

Assume first that s(x) = 1. Hence n(x) = e^{0} = 0. Then x > /i(oo,x)l and 
in view of Lemma l3.41 n(x) = e^[0, fJ-(oo, x)) = 0. Moreover, as observed in Lemma 

EH m ( x ) = ^ 

Let 0 <A<t(1) = oo. Choose by Lemma 11.21 a projection such that 
t(p\) = A and 



( 3 . 5 ) 


(p(A, x), oo)) <px<e^ [p{X, x), oo)). 
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By Lemma [T31 t{xpx) = Therefore 

2 fc+l r'ripx) 2^ ^’+1 rT{jpx) 

Y, t{x^px) = t{xpx) = / p{x) = Y / 

1=1 -^0 i=l -^0 

Since p{xipx) -< Kxi)x[o,r{px))^ and so T{xiPx) = p{x^px) < p(xi), it 

follows that 

r'r(px) 

T{xipx) = / p{xi), 

Jo 

for * = 1, 2,..., fc + 1. Consequently, Lemma [L4l implies that 

(3.6) e“-(/r(A,a:i),oo)) < Pa < e“‘[/i(A,Xi),oo)), i = 1, 2,..., fc + 1. 

Denote byp = Va>oPa- Since VA>oe“ (m(A,x),oo) = {p{oo,x),oo) and VA>oe“ [p(A,a;),oo) < 
[p(oo, a:), oo), relation (13.51) implies that 

(p(oo, cc), oo) <p<e^ [m(oo, a:), oo). 

Similarly by (13.611 . 

{p{oo, Xi), oo) < p < [m(oOi aii), oo) , i = 1,2,... ,k + 1. 

Let j G {1, 2,..., fc + 1} be fixed. Then 

(3.7) e“ (p.(oo, x), oo) < [m(oo, Xj), oo), 
and 

(3.8) e“‘(p(oo, Xi), oo) < [p(oo, Xj), oo) for all i = 1, 2,..., fc + 1. 

Assume that p{oo,Xj) > 0. We will show next that [0, p(oo, Xj)) = 0. Sup¬ 
pose to the contrary that [0, p(oo, xj)) ^ 0. Choose 0 < Aq < p(oo, Xj) such that 
e^JpjAo] 7 ^ 0. Since M is non-atomic and r is semi-finite, there exists a non-zero 
projection q < Aq] and q ^ Aq], with r(g) < oo. Note first that by 

(EH) and the fact that e“[0,p(oo,x)) = 0, q < e^^[0,p{oo,Xj)) < e®[0,p(oo,x)] = 
e^{p(oo,x)}. Hence by spectral representation of x 

xq = xe“{p(oo, x)}g = p(oo, x)e^{p(oo, x)}g = p(oQ,x)q. 

Consequently, 

A:+l /Ai+l \ 

(3.9) ^ T{xiq) = r i'^Xiqj = T{{k + l)xq) = {k 1)t(^(cx), x)q) 

fc +1 

= ^p(oo,Xi)r(g). 
i=l 

By (13.8p . q < [0, p(oo, Xj)) < [0, p(oo, Xi)] for alH = 1, 2,..., fc-|-1. Since 

0 < Xie“‘ [0, p(oo, Xi)] < p(oo, Xi)e^' [0, p(oo, Xi)] we have 

T(xig) = r(xie“‘[0,p(oo,Xi)]g) = T((3'Xie^’[0, p(oo, Xi)]g) 

< T(gp(oo,Xi)e“‘[0,p(oo,Xi)]q) = t(p(oo,X i)e“‘[0,p(oo,Xi)]q) 

= T(p(oo,Xi)g) = p(oo,Xi)r(g), 
for alH = 1, 2,..., fc -I- 1. Therefore (13.91) implies that 

r(xig) = /a(oo, Xi)r(g), for alH = 1, 2,..., fc -|- 1. 
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In particular we get that T{xjq) = tt(oo, Xj)T{q). In view of 0 < r(g) < oo we must 
have 


T{xjq) = T{qxje^^ [0, Ao]g) < T{qXoe^^ [0, Ao]g) = 'r(Aog) = Aor(g) 

< fi{oo,Xj)T{q), 

which is impossible. Consequently [0,/i(oo, x^)) = 0. By the first part of the 

proof, n{x) = n{xj) = e^^jO} = 0, and by Lemma [3.41 Xj > fi{oo,Xj)l. Since 

the same follows instantly for those x^’s for which ^(oo,Xi) = 0, we have that 
Xi > ^(oo, Xi)l for alH = 1,2,..., fe + 1. 

Consider now the general case, when s(x) is not necessarily an identity. Recall 
that by Proposition [T3] (I), ^(x + ^(oo, x)n(x)) = /r(x) and /r(xi + Xi)n(xi) = 
fj.{xi), i = I, 2,..., k+1. We also have by (13.41) that x+/r(oo, x)n(x) = -j^ + m(oo, Xi)n(xi)). 

Clearly s(x + /r(oo, x)n(x)) = 1 and x + fJ-(oo, x)n(x) > /i(oo, x)l. 

We will repeat the above argument to the operators x + /x(oo,x)n(x), Xi + 
fx(oo, Xi)n(xi) instead of x, Xi, respectively. Consequently, it follows that Xi + 
p,(oo, Xi)n{xi) > n{oo, Xi)l and Xi > /J.(c», Xi)s(xi) for alH = 1, 2,..., fc + 1. □ 

Lemma 3.8. Suppose p,{x) is k-extreme, x = — ITT ^ 

Be(m,t) o.'iT'd Ui ^ bi, i = 1,2,... ,k + l. Then pifli) = p,{bi) for alii = 1, 2,..., fc + 

1 . 

If in addition p{oo, x) = 0 then Oi = bi, for all i = 1, 2,..., fc + I. 


Proof By LemmaEUand in view of ^ b^, p{x) = ^ ^ ^(l^ «i) ^ 

k^J2i=iT{ai) -< -^J2i=ll^{bz) = t[x). Hence /r(x) = ■^E?=iV(az) = 

I^ T{bi), and so for all t > 0, 


^■+1 nt 

X!/ - M(ai)) = 0. 

i=ido 

Since for alH = 1, 2,..., fc + I, fJ,{ai) -< p.{bi) we have that {fJ'ibi) — /i(ai)) ^ 0; 
t > 0. Therefore fi{ai) = fi{bi), i= 1, 2,..., fc + 1. 

Suppose now that /r(cx),x) = 0. Then clearly p,{oo,ai) = p{oo,bi) = 0 for all 
i = 1,2, ...,fc + l. Note that 


where -< bi. By the previous argument, p{bi) = pL Therefore p{ai) 

fj,{bi) = p, and Proposition 11.51 (3) implies that = 6^, i = 1, 2,..., fc 

1 . 


+ 

□ 


Lemma 3.9. Suppose that p{x) is k-extreme, |x| > p{oo, x)s(x), and x = = 

Sfci di, ai,h G BE{M,r)- If a-i < h and ai,bi > 0 for all i = 1,2,..., k 1 
then Qi = bi, i = 1,2,... ,k 1. 


Proof. Note that if > 0 for all i = 1,2,.. 

1 '^/c+1 ^ 1 v/c+1 _ 1 vfe+l ai-\-bi 

fc+1 2 ^ 2=1 — fc+i 2^2 = 1 — k+1 2 ^ 2=1 2 


., fc + 1, then X = |x|. 
■, by Lemma 13.81 


Since |x| = 


6 ,; 


/r(aj) = p{bi) = p 


2 
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Denote by Ci = ^{oo,ai) = ^{oo,bi) = n{oo, ). In case of ^{oo,x) > 0, 
Proposition 13.71 guarantees that if > 0 then Ui > Cis{x), bi > Cis{x) and 
> Cis{x), and also s{ai) = s(bi) = ) = s(^x). Hence in view of 

Proposition [T^ (2), 


fj.{ai - Cis{x)) = fj.{ai) - Ci = fi{bi) - Ci = fj.{bi - Cis(x)) = fj. 


+ bi 


-Ci = ^ 


Qi + bi 


- Cis{x) ) = /r 


di - Cis{x) +bi- Cis{x) 


Clearly if Ci = 0 the above equalities hold. We have now that Oi — Cis{x),bi — 
Cis{x) G So{M,t), and so by Proposition 11.51 (31 it follows that Ui = bi, i = 
l,2,...,fc + l. D 


Lemma 3.10. Suppose that p{x) is k-extreme, |x| = Xi G Be{m,t) 

and either p.[oo,x) = 0 or |a;| > p,{oo,x)s{x). Then n(x)xi = Xin{x) = 0 if and 
only if Xi > 0, i = \,2,... ,k + 


Proof. Assume first that for all j = 1, 2,..., fc + 1, n{x)xj = Xjn{x) = 0. Denote 
j = 1, 2,..., fc + 1. Since Re (xj) < |Re (xj)| we have that 

/c-|-l -| /c-|-l I /c-j-l 


by Re (xj) = 
(3.10) 


Xj + Xj 


X = 




k + 1 


i=i 


i=i 


By LemmaEH p{x) < fi{^ Y!]tl |R.e {xj)\) P T(Re (xj)) = p{x), and 


A: + 1 


fe+i 




fc+l ^3- 


SO 


fc+1 


p.{x) = fi 


k + 1 


• 


i=i 


By assumption Xjn{x) = n(x)xj = 0, and so Re(a;j)n(a;) = n(a;)Re(a;j) = 0. 
Thus n(x) Re (a^i)) = (R® (xj)^ n{x) = 0. Denote by C = 

fj.{oo,x) = p. (oo, |Re(a;i)|)- By Corollary [Til 


fe+i 


/r(|a;| + Cn{x)) = p{x) = p 


fc + 1 


^|Re(xj)| 


i=i 


= T 


1 \ 

— ^ |Re(a;j)| +Cn(x) . 


k + 1 


i=i 


Since Cl < |x| + Cn(a;) < |Re(a;j)| +Cn(a;), Proposition II.51 15l implies 

that |x| = Ej=i |Re = 7 ^ '^^=1 R® )• ^i^ace for all j = 1 , 2 ,..., fc + 1 , 
Be{xj) < |Re(a;j)| we get the equality Re(a:j) = |Re(a;j)|. 

We will show next that Im(a:j) = 0 and therefore Xj = Re(a:j). Note that 
Re (xj) -< Xj, j = 1,2,... ,k + 1. Thus by Lemma 1?^ and (13.101) we have p{xj) = 
p(Re{xj)). Tet Cj = p{oo,Xj) = p{oo,lie (xj)), j = 1,2,... ,k + 1. Then 

p{xj + Cjn{x)) = p{xj) = pfRe (xj)) = p(Re (xj) + Cjn(x)), 
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and therefore 

fj,{Re (xj) + Cjn{x) + ilm {xj)) = ^(Re (a;^) + Cjn{x)). 

Observe that by (13.101) . if fi{oo,x) > 0 and Cj > 0, Proposition 13.71 implies that 
Re(a:j) + Cjn{x) > Cjl. Clearly, the same is true for Cj = 0 and also for the 
case fJ,{oo, x) = 0 since /r(x) = Thus by Proposition II.51 (6) for all 

j = 1, 2,..., fc + 1, Im (xj) = 0 and Xj = Re {xj) > 0. 

For the converse assume that Xj > 0, for all j = l,2,...,fc + 1. Then 0 = 
n{x) |a;| n{x) = n{x)xjn{x). Since n{x)xjn{x) > 0 it follows that n{x)xjn{x) 

0. Consequently Xjn{x) = 0 and n{x)xj = (xjn(x))* = 0, for all j = 1, 2,..., fe + 1 

□ 


Lemma 3.11. Suppose that p{x) is k-extreme, |x| = Xi, Xi S 

i = 1, 2,..., fc + 1, and x) = 0. Then Xi > 0 for aZH = 1, 2,..., fc + 1. 


Proof. Consider the equations 

. fc+i . fe+i 

= = * = i,2,...,fc + i. 


k + 1 


i=l i=l 

By Lemma [3^ Xi = x*, and consequently 

^ fe+i 

|x| = 


fe+i .. fc+i 

-TE^^^r-rEi^^i- 


fc + 1 k + 1 

2=1 2=1 

By Lemma [nm /.t(x) = and so /r(x) = l^iD- ^s an 


immediate consequence of Proposition [TT5] (5) we have that |x| = ~ 


1 

fe+i 


J2i=i Xi- Since Xi < |xi| the equality Xi = \xi\ follows. 


□ 


Lemma 3.12. Let ^(x) be k-extreme and |x| = El 1^*1' ^ 

i = 1, 2,..., fc + 1. If \x\ > /i(oo, x)l then for all i = 1,2,... ,k 1, 

|xj| el"'l{^(oo,x)} = /r(oo,Xi)el"'l{/i(oo,x)}. 


Proof. Observe hrst that in view of Lemma 13.61 if /r(oo, x) = 0 then we must have 
n{oo, Xi) = 0 for alH = 1, 2,..., fc + 1. Then the hypothesis becomes \xi \ n{x) = 0, 
and it follows by Lemma [3.101 

Assume now that p,(oo,x) > 0 and therefore 1 = s(x) = [/j,(oo, x), oo) (see 

Lemma [3^. We will show first that for all* = 1, 2,..., fc + 1 we have 

e^^'^{pL{oo, x)} A Xi), oo) = 0. 

Fix j G {1, 2,..., fc + 1} and assume that for some s > /.t(oo, Xj) the projection 

Pj = x)} A oo) ^ 0. 

Clearly T{pj) < oo)) < oo and 

\x\pj = \x\e^^^{pi{oo,x)}pj = p{oo, x)e^^^{p{oo, x)}pj = fj,{oo,x)pj. 

Moreover, by Proposition 13.71 we have that for all i = l,2,...,fc+ 1, |xi| > 
//(oo, Xi)s{xi). We also have that if //(oo, Xi) > 0 then s(xi) = s(x) = [//(oo, x), oo), 

and so pj < s{xi), i = 1, 2,..., fc + 1. Hence it follows that 

Pj \Xi\Pj > pL{0O,Xi)pjS{Xi)pj = pL{0O,Xi)pj, 
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and T{\xi\pj) = T{pj \xi\pj) > p{oo,Xi)T{pj). Furthermore, 

Pj \xj\Pj = Pi \xj\e'^^''{s, oo)pj > oo)pj = spj, 

and consequently Tdxjlpj) > sT{pj) > p{oo,Xj)T{pj). 

Recall that if fj,{x) is fc-extreine and |a:| = \xi\ then by Lemma [3.61 

= kh: '^i=i Therefore 

2 fc+1 ^ A:+l 

p{oo,x)t{pj) =T{\x\pj) = ^(\^^\Pj) 

i=l 

1 1 1 

p{00,Xi)T{pj) + -^-^p{00,Xj)T{pj) 

i=l, i^j 
^ A:+l 

which contradicts the assumption that pj ^ 0. Consequently el“l{^(oo,x)} A 
el“^l(s,oo) = 0 for all s > p{oo,Xj) and 

el“l{/i(oo, a;)} A Xj), oo) = 0. 

If p{oo,Xj) = 0, then clearly (^(oo, a;^), oo)-*- = e^^^^{p{oo,Xj)}. On the other 
hand, if p{oo,Xj) > 0, then by Proposition 13.71 and Lemma IX4l el“^'l{0} = n{xj) = 
n(x) = 0 and (0, p(oo, xj)) = 0. Hence we also have I (^(oo, ccj), oo)-*- = 
el'“^l{/r(oo, Xj)}. Thus el^l{/r(oo, a;)} = el'^l{/r(oo, x)}A(e^^^^(p(oo,Xj), oo)Vel^-’l{^(oo,a:j)}) 
el“l{/x(oo, a:)} A 2 ;^)} < el^^l{/r(oo, Xj)}. Therefore 

Xje^^^{p{oo,x)} = Xje^^^^{p{oo,Xj)}e^^^{p{oo,x)} 

= p{oo,Xj)e^^^^{p{oo, Xj)}e^^^{p{oo, x)} 

= ^(oo, Xj)el“l{^(oo, x)}, 

and since j was arbitrary the claim follows. □ 


Theorem 3.13. Let M be a von Neumann algebra with a faithful, normal, <j- finite 
trace t and E be a strongly symmetric function space. An element x S Se(m,t) 
a k-extreme point of Be{m,t) whenever /i(x) is a k-extreme point of Be and one 
of the following conditions holds: 

(i) /i(oo,x) = 0, 

(ii) n{x)M.n{x*) = 0 and \x\ > p(po,x)s(x). 


Proof. Assume first that Ad is non-atomic. Suppose that 

fc+i 


(3.11) 


1 


A: + 1 


Xi, where Xi G Be(m,t), i = 1,2,..., k + 1. 


Let X = u |x| be the polar decomposition of x. Then 

fe+i fe+i 


1 


■ u*xi = 
i=l 


^E“*Xis(x), 


2=1 


(3.12) 
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and 

^ ^ A;+l 

(3.13) ^ = = 

i—1 i—1 

Consider first the case when |a;| > /x(oo,a:)l. Note that if fj.{oo,x) > 0 then 
s{x) = 1 and uu* = u*u = 1. 

If fj.{oo,x) = 0 it follows by Lemma 13.111 and (13.121) that u*Xi > 0 for all i = 
1,2,..., fc + 1. Moreover, (13.131) combined with Lemma l3l8l implies that s{x*)xi = 

Xi. _ 

If /r(oo,x) > 0 and consequently n(x) = 0, by Lemma [3.101 we also have that 
u*Xi > 0. Clearly since s{x*) = 1 we also have Xi = s{x*)xi for alH = 1,2,..., fc+1. 

Furthermore in either case, fi{xi) = fi{uu*Xi) < ^{u*Xi) < n{xi), and so ^{xi) = 
fj,(u*Xi), 1 = 1,2, ...,fc + l. Therefore we always have 

(3.14) u*Xi>0, s{x*)xi = Xi, and fi{u*Xi) = fj.{xi), i = 1,2,... ,k + 1. 

Note that by Lemma [3l6l ii{x) = M(^i)- Since /j,(x) is fc-extreme, there 

exist constants Ci, (72,..., Ck+i not all vanishing such that 

fc+i 

(3.15) ^C,/x(a:,) =0. 

Consider now the operator |a;| — /r(oo, a;)l G /Ff}" (A4, r) and denote by 
p = s(|a;| — /i(oo, a;)l) = (/^(oo, x), oo). 

Lets define a projection q in the following way. 

(1) < 7=1 if t{s{x)) < oo, 

(2) q = s{x) if t{s{x)) = oo and t{p) < oo, 

(3) q = p if t(s(x)) = oo and t(p) = oo. 

Then by Corollarv ll. 101 there are a non-atomic, commutative von Neumann algebra 
Af C qMq and a ^-isomorphism V from ^([O, t( 1)), m) into S{M,t) such that 

Vp{x) = \x\q and ply(f)) = p{f), lor all f G S{[0,T{l)),m). 

By (EUl), 

^ fc-i-i 
\x\q= X! 

i—1 

and since p{\x\ q) = p(x) is fc-extreme. Lemma [?751 guarantees that 

^ fc +1 ^ fc +1 

^ p{xi) = pix) = p{\x\ q) = -r— A{<lu*Xiq). 

' ^ i—1 i—1 

Clearly p[qu*Xiq) < p(xi) and so p{qu*Xiq) = p{xi), for all i = 1, 2,..., fc -|- 1. 
Moreover applying V to the above equation we get the following 

^ fc+l ^ fc +1 

yyi X! =\x\q = Vp{x) = ^ Vp{qu*Xiq). 





















fe-EXTREME POINTS IN SYMMETRIC SPACES OF MEASURABLE OPERATORS 


25 


We have ^(V^{qu*xtq)) = ^{qu*Xiq) = n{xi), and s(|x|g) = q. By Lemma [3.91 
Vii{qu*Xiq) = qu*Xiq, i = 1, 2,..., fc + 1. Applying now V to (I3.15L 

C fc+i \ fe+i fc+i 

CiU*Xi I <? = Ciqu*Xiq = CiVfi{xi) = 0 . 
i=l / i=l i=l 

fc+i /fc+i \ 

Hence CiU*Xiq = [ CiU*Xi ] g = 0 and in view of (I3.14L s{x*)xi = Xi, and 

i=l Vi=l / 

consequently 

fe+i 

(3.16) = 

Case 1. Let r(s(x)) < cx) and q=l. Clearly by (|3.16|) . 

fc+i 

C'iajj = 0. 

i=l 

Case 2. Assume that T(s(a;)) = oo, r(p) < oo and q = s(x). Note that if 
fi{oo,x) = 0 then p = s{x). Therefore the case is only possible when p{oo,x) > 0 
and then s(x) = 1. Therefore <7=1 and again by (13.161) . 

fc+i 

y^ CiXi = 0. 

i=l 

Case 3. Assume that T(s(a;)) = oo, r(p) = oo and q = p. If p{oo,x) = 0, 
q = 61 ^^ 1 ( 0 , 00 ) and q^ = e^^^{0} = e^^^{p{oo,x)}. If p{oo,x) > 0 and so n{x) = 
el“l{0} = 0, we also have that g-*“ = e'^''{p,{oo,x)}. 

Therefore by Lemma l3.12l in view of (13.121) and p.l4p we get u*Xiq-^ = /r(oo, Xi)q-^ . 
By (13.151) . 

fe+i /fc+i \ 

y^ CiU*Xiq^ = I y] Cip,{oo, Xi) I = 0. 

i=l \i=l / 

Since by (13.141) . s(x*)xi = uu*Xi = Xi, the above equation becomes 

fc+i 

y^ CiXiq^ = 0 . 

This combined with (13.161) implies that 

fc+i 

y^ CiXi = 0. 

Z = 1 

Consequently in either case xi, X 2 ,..., Xfc+i are linearly dependent, and x is k- 
extreme. 

We have shown that if /r(x) is a fc-extreme point of Be and |x| > 71 ( 00 , x)l, then 
X is a fc-extreme point of Be{m,t)- In particular if /i(oo,x) = 0 , the claim follows. 
Assume now that 71 ( 00 , x) > 0 and (ii) holds. By Lemma 13.61 and equations 

(ixm and (nmi) . 

^ fc+l ^ /c+1 

= rTi ^ ^ rri ^ 

2=1 2=1 
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Since ^(u*Xis{x)) < the equality ^(u*Xis(x)) = ^{xi) holds for all i = 

1,2,..., fc + 1. Moreover by (13.111) . 


|a;| + x)n{x) 


1 

fc + 1 

1 

fc + 1 


fc+i 

u*Xis{x) + /r(oo, x)n{x) 

i=l 

fc+i 

{u*Xis{x) + //(oo, Xi)n{x)). 

i=l 


Clearly n{x)u*Xis{x) = u*Xis{x)n{x) = 0, and ^{oo,Xi) = ^j,{oo,u*Xis{x)). Hence 
by Corollarv ll.61 /x (u*Xis{x) + /i(oo, Xi)n(x)) = fj.(u*Xis(x)) = f^(xi), and so u*Xis(x)+ 
/x(oo, Xi)n{x) G Be{m,t), * = 1, 2,..., fc + 1. Since /i(|a:| + x)n(x)) = /j(x) 

is fc-extreme, where |x| + ^(oo,x)n{x) > /x(oo,a:)l, the previous case implies that 
|a:| + fi{oo,x)n(x) is fc-extreme. Furthermore it follows from the first part of the 
proof that for the constants Ci,C 2 , ■ ■ ■, Ck+i, not all equal to zero and such that 


fc+i fe-i-i 

Cifi {u*Xis{x) + //(oo, Xi)n{x)) = Cifi{xi) = 0, 

we have the corresponding equality for operators with the same constants Ci’s, that 
is 

fc+i 

y^ Ci {u*Xis{x) -I- /i(oo, Xi)n(x)) = 0. 

i=l 

Since clearly Ci^{oo, Xi) = 0, we have in fact that 


fc+i 

y^ CiU*Xis{x) = 0. 

i=l 


Recall that s{x*) = uu*, u* = s(x)u* = u*uu* = u*s{x*). Multiplying the above 
sum by u from the left and u* from the right we get 


k-\-l 

/k+l 


)xiU*s{x*) = s{x*) I CiXi 

i=l 

\i=l 

Thus Yiti CiXiU*s{x*) 

= J2i=i CiXiU* = 0, and 


fe-i-i 

(3.17) 

Y CiXis{x) = 0. 

i=l 


Observe that x* = l^^*! = u*x*. Repeating the same argument 

as above for x* and a;*’s instead of x and Xi’s, respectively, and using the complex 
conjugate of the equality (I3.15L Cif^(xi) = 0 we get CiX*s(x*) = 0. 

Hence 


fe+i 

(3.18) y]]C',s(a;*)xi =0. 

i=l 

Consequently combining (13.171) and (13.181) . 


fe+i fc+i 

'^CiX^ = y^C^n{x*)xin{x). 

i=l i=l 
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Since by [HI Lemma 3.3] the assumption n{x)Mn{x*) = 0 implies that n{x)S {M,t) n{x*) 
0, so n{x*)xin{x) = 0 for all* = 1, 2,..., fe + 1. Therefore 

fe+i 

^ ^ CiXi — 0, 
i=l 

and X is a fe-extreme point of Be{m,t)- 

Let us suppose now that A4 is not non-atomic, /i(x) is fc-extreme, and (i) and (ii) 
hold. Consider a non-atomic von Neumann algebra A with the trace n, discussed 
in Remark [1.111 Then S S{A,k), = /r(x), and (i), (ii) are satisfied 

for the operator (see the proof of Proposition EH). Hence by the first part 
of the proof, 'l®x is a fc-extreme point of Be{a,k)- Since l(8>x = 7r(x), where tt is 
an isometry from E{M,t) onto the subspace i5(Cl ® M,k) of E{A, k), it follows 
easily that x is a A:-extreme point of Be[m,t)- D 

Combining now the results of Theorems 13.51 and 13.131 we give a complete charac¬ 
terization of A:-extreme points in terms of their singular value functions, when M. is 
a non atomic von Neumann algebra. For fc = 1 we obtain the well-known theorem 
on extreme points proved in [^. 

Theorem 3.14. Let E be a strongly symmetric space on [0,r(l)) and M be a 
non-atomic, semifinite von Neumann algebra with a faithful, normal, a-finite trace 
T. An operator x is a k-extreme point of Be(m,t) */ only if p,{x) is a k-extreme 
point of Be and one of the following, not mutually exclusive, conditions holds: 

(i) /r(oo,x) = 0; 

(ii) n(x)A4n(x*} = 0 and jxj > p,{oo,x)s{x). 

Since in the commutative settings for any operator x, n(x) = n(x*), the condi¬ 
tions n{x)Mn{x*) = 0 and jxj > ^(oo,x)s(x) reduce to jxj > /i(oo,x)l. There¬ 
fore by the above theorem applied to the commutative von Neumann algebra 
M. = Loo[0,t( 1)) the following holds. 

Corollary 3.15. Let E be a strongly symmetric function space. The following 
conditions are eguivalent: 

(i) f is a k-extreme point of Be; 

(ii) /i(/) is a k-extreme point of Be and \ f\ > pt{oo,f). 

The following simple observation will be useful in relating fc-rotundity of E and 
E{M,t). 

Lemma 3.16. Lf E is a k-rotund symmetric function space then E = Eq, that is 
pi.{oo, /) = 0 for all f G E. 

Proof. Suppose to the contrary that E ^ Eq, and so X(o,oo) G E. Without loss of 
generality we can assume that ||x(o,oo)I|e = 1- Let / = X(fe+i,oo)- Then p.{f) = 
X( 0 ,oo) and f G Se- For z = 1, 2,..., k, define 

1 1 

Uz - --^X{0,1) + -j^Xii.i+i)- 
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Clearly, /j,(/ + Ui) = X(o,oo)i and so / + Mi G Se- Moreover, 


/-E 


u^ 


1 

X(0,1) - +X(fc+l,oo) 


+ X(fe+i ,00) E X( 0 ,Oo) ; 


1 

X(o,i) + ^X(i,fc+i) 


and also / — Ui G Be- However ui, U 2 ,..., are linearly independent, which 
in view of Proposition [22] implies that / cannot be fc-extreme. □ 


Corollary 3.17. Let A4 be a semi-finite von Neumann algebra, with a faithful, 
normal, semi-finite trace t. If a symmetric space E is k-rotund then E{A4 ,t) is 
k-rotund. If in addition A4 is non-atomic, then k-rotundity of E{Ai,T) implies 
k-rotundity of E. 

Proof. If E is fc-rotund, then by Lemma|3H6|we have that E = Eq. Let x G Se{m,t) 
and X = Xi G BE{M,r)- Then ij,{x) is fc-extreme. Since E = Eq, 

s{x) and s(a;i), i = l,2,...,fc + 1 are cr-finite projections. Set p = '^i^is{xi) V 
s{x) V s(a;*) V s{x*). Then pxp = ps{x*)xs{x)p = s(x*)xs(x) = x and pxip = Xi, 
i = 1,2,..., k -h 1. Hence x,Xi, i = 1,2,..., k -h 1, belong to the subspace which is 
isometric to E{Aip,Tp), where Tp is cr-finite. By Theorem |3H3| (i), we get that x is 
fc-extreme in E{Aip, Tp) and xi,X 2 , ■ ■ ■, Xk+i are linearly dependent in E{A4p, Tp). 
Hence xi,X 2 ,. ■. ,Xk+i are linearly dependent in E{A4,t), and so x is k- extreme 
point of Be[m,t). Consequently E[AA.,t) is fc-rotund. 

Suppose now that M is non-atomic and E (A4,t) is fc-rotund. Then E{Mp,Tp) 
is fc-rotund for any projection p G P{M). Let p G P{M) be a cr-finite projection 
with r(p) = t( 1) (see e.g. (8] Lemma 1.13]). By Proposition [LS] E is isometrically 
embedded in E{Mp,Tp) and therefore E is also fc-rotund. □ 


4. Orbits and Marcinkiewicz spaces 


We finish with a characterization of fc-extreme points in the orbits of functions. 
Letting g G Li[0, a) -I- Loo[0, a), a < 00 , the orbit of g is the set Ll{g) = {/ G 
Li[0, a) -\- Loo[0, a) ■. f g} [2T]. Clearly the inequality f g is equivalent to 

Mi-M 

II/IImg := sup ^ 1- 

*>o Jo Lig) 

Setting G{t) = fi(g), the Marcinkiewicz space Mq is the set of all f G L° such 
that II/IIMg < 00 [171118]. The space Mq equipped with the norm || ■ ||mg is a 
strongly symmetric function space. Therefore the orbit Ll{g) is the unit ball Bmc 
in the space Mq- 

Theorem 4.1. Let g G Li[0,a) -|-Loo[0,a). Then the following are equivalent. 

(i) / is an extreme point ofLl{g). 

(ii) f is a k-extreme point of Ll{g). 

(hi) fJ.{f) is a k-extreme point of Ll{g) and \f\ > fi{oo,f). 

(iv) /c(/) = p{g) and \ f\ > g{oo,f). 

Proof. Clearly (i) implies (ii), and (ii) and (iii) are equivalent by Corollary 13.151 
The implication (iii) to (iv) follows by Corollary 12.71 We will show next that iJ,{g) 
is an extreme point of Ll{g). Consequently if (iv) holds, /i(/) = g.{g) is an extreme 
point of H(/) and by Corollary 13.151 (i) follows. 
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Let fi{g) = \hi + i/12, where /ii, /12 G ^{g)- Then for all s £ (0, a) we have that 

<\J’ M + IJ’ I‘i9) = jyig)- 

Hence hi = g.{hi) = g,{g) = /r(/i2) = ^2, and g,{g) is an extreme point of 
nig). □ 

As an immediate consequence we get the following result. 


Corollary 4.2. Let Mq he the Marcinkiewicz space and k be any natural number. 
The function f is a k-extreme point of Bmq only if g-if) = gig) and |/| > 

gioo, /). Consequently f is a k-extreme point of Bmq o.nd only if f is an extreme 
point of Bmg ■ 

We conclude the paper with a description of fc-extreme points for another im¬ 
portant class of orbits n'ig), 0 < g £ Li[0,a), a < 00 [20112^ . 

Recall that, given 0 < g € Li[0, a), a < 00 , the orbit n'ig) is defined as 

n'ig) = {Q<f£Li[Q,a):f<g and ||/||i = ||c,||i}. 

Lemma 4.3. Let 0 < g £ Li[0, a), a < 00 . Then f is a k-extreme point of n'ig) 
if and only if f > 0 o,nd f is a k-extreme point of nig). 

Proof. Suppose that / > 0 is a fc-extreme point of nig). Then by Theorem 14.11 
gif) = gig) and so f £ n'ig). Consequently, / is a fc-extreme point of n'ig). 

Assume now that / is a fc-extreme point of n'ig). Let / = Sti /» where 
f^ £ nig). Since / > 0, /“ / = /“ g and f^ ^ g, we have 

nOt pOl PCX. -I fc+1 nQL pCX PCX 

/ 9= /= / hif)<Tr^'^ gif^) < gi9)= 9- 

Jo JO JO K 1 Jo ^0 ^0 


Hence, /“ gifi) = /“ g, for i = 1, 2,..., fc -f 1. 



it follows that f^ = \ft \ and fi £ n'ig), i = 1,2,. .., k-hl. Therefore /i,/ 2 , ■. ■,fk-i-i 
are linearly dependent and f is a fc-extreme point of nig). □ 

The above lemma and Theorem 14.11 show that the sets of extreme and fc-extreme 
points for n'ig), 0 < g £ Li[0, a), a < oo, coincide. Consequently, the description 
of extreme points of n'ig) presented in applies also for fc-extreme points. 

Proposition 4.4. Let 0 < g £ Li[0, a), a < oo. Then f is a k-extreme point of 
n'ig) if and only if gif) is a k-extreme point of n'ig). Moreover, the set of all 
k-extreme points of n'ig) is given by 

k-extin'ig)) = {0 < / e Li[0,a) : gif) = gig)}. 
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